Abstract. In this paper, we give the classification of the singularities of pseudoGalilean spherical Darboux image, rectifying Gaussian surface and the rectifying developable of curve in pseudo-Galilean space. We also establish the relationships between the singularities and geometric invariants of curves which are deeply related to its order of contact with pseudo-Galilean helices.
Introduction
Singularity theory, being a direct descendant of differential calculus, is certain to have a great deal of interest to say about geometry and therefore about all the branches of mathematics, physics and other disciplines where the geometrical spirit is a guiding light.
Several geometers were interested in studying the singularities and generic differential geometry in Euclidean Space [1, [2] [3] [4] 12, 13] . The main point of studying singularity is defining real-valued functions such as squareddistance function and height function which are defined on a curve or on a surface. The classical invariants of extrinsic differential geometry can be treated as singularities of these two functions. Also, some good approximations to singularity theory in affine geometry can be found in [9, 10] and Minkowski space can be found in [5, 15] .
Besides Euclidean Geometry, a range of new types of geometries have been invented and developed in the last two centuries. They can be introduced in a variety of ways. One possible way is through projective manner, where one can express metric properties through projective relations. Among these geometries, there is also pseudo-Galilean geometry which is our matter in this paper.
We will introduce the notion of pseudo-Galilean distance functions on space curves in G 1 3 , pseudo-Galilean space. This function is quite useful for the study of singularities of rectifying developable of space curves in G 1 3 . We also introduce the notion of pseudo-Galilean height functions on space curves in G 1 3 , which induce the notion of rectifying Gaussian surface and spherical Darboux images and these singularities are deeply related to the geometry of pseudo-Galilean spherical tangential images of curves in pseudo-Galilean 3-space.
As a consequence, we establish the relationships between the singularities of the above three subjects and differential geometric invariants of the curve under the action of pseudo-Galilean group as applications of ordinary techniques of singularity theory for the above functions. As the spheres degenerate in the pseudo-Galilean space it is not obvious in the first place that this concept would provide geometric results. However, we can prove that these functions applied to curves lead to geometric characterisations even in pseudo-Galilean space. For the basic notions in pseudo-Galilean geometry, see [6, 17] .
The main result in this paper is Theorem 1. We describe the geometric meaning of Theorem 1 in §3.2 and 3.3. The basic techniques used depend heavily on those in the book of Bruce and Giblin [4] .
Preliminaries on pseudo-Galilean geometry
The pseudo-Galilean space G 1 3 is a Cayley-Klein space equipped with the projective metric of signature (0, 0, +, −), as in [11] . The absolute of the pseudo-Galilean geometry is an ordered triple {w, f, I}, where w is the ideal (absolute) plane, f is the line (absolute line) in w and I is the fixed hyperbolic involution of points of f .
Let P be any point of R 3 with affine coordinates (x, y, z). Write (x, y, z) as (
), where X 0 is some common deminator. Call (X 0 , X 1 , X 2 , X 3 ) the homogeneous coordinates of P . Thus, the homogeneous coordinates (X 0 : X 1 : X 2 : X 3 ) and ρ (X 0 : X 1 : X 2 : X 3 ) refer to the same point, for all ρ ∈ R − {0}. We can now introduce homogeneous coordinates in G 1 3 in such a way that the absolute plane w is given by X 0 = 0, the absolute line f by X 0 = X 1 = 0 and the hyberbolic involution I by (0 : 0 : X 2 : X 3 ) → (0 : 0 : X 3 : X 2 ) .
In affine coordinates, the distance between the points P i (x i , y i , z i ) , i = 1, 2, is defined by
In the nonhomogeneous coordinates the isometries group B 6 has the form:
where a, b, c, d, e and ϕ are real numbers. The group of motions of G 1 3 is a six-parameter group [6, 15, 16] .
It leaves invariant the pseudo-Galilean norm of the vector A (x, y, z) defined by
A vector A (x, y, z) is said to be non-isotropic if x = 0. All unit non-isotropic vectors are of the form (1, y, z). For isotropic vectors x = 0 holds and four types of isotropic vectors: spacelike (y 2 − z 2 > 0), timelike (y 2 − z 2 < 0) and two types of lightlike vectors (y = ±z). The scalar product of two vectors a = (a 1 , a 2 , a 3 ) and
If a· pG b = 0, then a and b are perpendicular. ( Of course every isotropic vector is perpendicular to every non-isotropic vector.) For a curve γ : I → G 1 3 , I ⊂ R parametrized by the invariant parameter s = x , given in the coordinate form
the curvature κ (x) and the torsion τ (x) are defined by
and the associated moving trihedron is given by
where ε = ±1, chosen by criterion det(t, n, b) = 1, that means
The curve γ is time-like (resp. space-like) if n (x) is a space-like (resp. time-like) vector. The principal normal vector or simply normal is spacelike if ε = +1 and time-like if ε = −1. The vectors t (x) , n (x) and b (x) are called the vectors of the tangent, principal normal and the binormal line, respectively [8] . Therefore, the Frenet-Serret formulas can be written in matrix notation as
From (4) and (5) one gets an important relation
For any curve γ :
. By using the Darboux vector, Frenet-Serret formulas can be rewritten as follows:
where the pseudo-Galilean cross product × pG is defined by
For more on Galilean and pseudo-Galilean geometry, one can refer to [6] [7] [8] 16, 17] and references therein.
Singularities of some functions in pseudo-Galilean geometry
We define a vector D (x) = − τ κ (x) t (x) + b (x) and call it a modified Darboux vector along γ. We also define a spherical curve d :
and surfaces
We call the image of d the pseudo-Galilean spherical Darboux image, the surface RG (γ) the rectifying Gaussian surface and the surface RD (γ) the rectifying developable of γ. 
Here, C = (x 1 , x 2 ) : x 2 1 = x 3 2 is ordinary cusp and SW = {(x 1 , x 2 , x 3 ) : The main aim of this paper is proving this Theorem 1. For this issue, we will study the singularities of height function, distance function in pseudoGalilean space in section 3.1. Also, since we need the unfoldings of functions in G 1 3 , we describe the content of them in section 3.3. As we study in 3-dimensional space, we need to look beyond A 4 −singularities which is defined in section 3.3. Therefore, we will compute higher order derivatives of height function and distance function in Proposition 2 and Proposition 3.
Families of smooth functions on a space curve in pseudoGalilean geometry
In this section two different families of function on a space curve and surface will be defined which are useful for the study of singularities of pseudo-Galilean spherical Darboux image, the rectifying Gaussian surface and the rectifying developable surface. Let γ : I → G 1 3 be a unit speed curve with κ (x) = 0. We will assume that τ (x) = 0 throughout this paper, because we only consider the singularities of rectifying developable of γ.
Height function in pseudo-Galilean space
We introduce the notion of pseudo-Galilean height functions on space curves in G 1 3 , which induce the notion of rectifying Gaussian surface and spherical Darboux images and these singularities are deeply related to the geometry of pseudo-Galilean spherical tangential images of curves in pseudoGalilean 3-space. We now define a two-parameter family of smooth functions on I:
hv (x) = 0 if and only if
Proof. By the Frenet-Serret formula, we have the following calculation:
The assertion (1) is trivial by the formula (i). By the assumption that v ∈S 2 pG , we have v = ± t (x) + µb (x). (2) By using (1) in (ii), we get µ = ∓ κ τ (x). Therefore we have 
Distance function in pseudo-Galilean space
We will introduce the notion of pseudo-Galilean distance functions on space curves in G 1 3 , pseudo-Galilean space. This function is quite useful for the study of singularities of rectifying developable of space curves in G 1 3 .We now define a three-parameter family of smooth functions on I:
3 . Then, we have the following proposition. (1) f ′ du (x) = 0 if and only if there exist real numbers λ, µ ∈ R, such that γ (x) − u =λt (x) + µb (x).
(
du (x) = 0 if and only if
(1) The assertion follows from the above formula (i). Then, we have γ (x) − u =λt (x) + µb (x).
(2) By using (1) 
Pseudo-Galilean helices and the tangent indicatrix of a curve
We study the geometric properties of the rectifying developable, the pseudoGalilean spherical Darboux image and rectifying Gaussian surface of space curves in G 1 3 . By the propositions in the last section, one can recognize that the function κ τ ′ (x) and the modified Darboux vector − τ κ (x) t (x) + b (x) are important subjects. If κ τ (x) ≡ c (constant) then the curve γ (x) has been classically known as a helix in pseudo-Galilean space. Pseudo-Galilean cycle is the only curves of constant curvature in plane [6] . For a unit speed regular curve γ (x) has tangent curve σ : I → S 2 pG , σ (x) = t (x) is called the pseudo-Galilean spherical tangential image of γ (x) . 
This means that the pseudo-Galilean spherical tangential image σ(x) is a cycle on the unit pseudo-Galilean sphere S 2 pG . The assertion (2) is clear by definition.
The singularities of the pseudo-Galilean spherical Darboux image ( or, the rectifying Gaussian surface) describe how the shape of the curve γ is similar to a helix. On the other hand, the singularities of the rectifying developable of γ describe how the shape of the curve γ is different from a helix.
Unfoldings of functions by one-variable
In this section, we will use some general results on singularity theory for families of function germs. Let F : (I × R r , (x 0 , w 0 )) → R be a function germ. we call F an r-parameter unfolding of f , where f (x) = F w 0 (x, w 0 ) . We say that f has A k −singularity at x 0 if f (p) (x 0 ) = 0 for all 1 ≤ p ≤ k and f (k+1) (x 0 ) = 0. We also say that f has A ≥k −singularity at x 0 if f (p) (x 0 ) = 0 for all 1 ≤ p ≤ k. Let F be an unfolding of f and f (x) has A k −singularity (k ≥ 1) at x 0 . Denote the (k − 1) −jet of the partial derivative
Under the same condition as above, F is called a versal unfolding if the k × r matrix of coefficients (α 0i , α ij ) has rank k (k ≤ r) , where α 0i = ∂F ∂w i (x 0 , w 0 ) . We now introduce important sets concerning the unfoldings relative to the above notions. The bifurcation set B F of F is the set
The discriminant set of F is the set D F = w ∈ R r | ∂F ∂w = 0 at (x, w) . Then we have the following well-known result [4] .
Theorem 5. Let F : (I × R r , (x 0 , w 0 )) → R be an r-parameter unfolding of f (x) which has A k −singularity at x 0 .
(1) Suppose that F is a (p)-versal unfolding.
(c) If k = 4, then B F is locally diffeomorphic to SW × R r−3 .
(2) Suppose that F is a versal unfolding.
Here, C = (x 1 , x 2 ) : x 2 1 = x 3 2 is ordinary cusp and
is the swallowtail as indicated in Fig 1. For the proof Theorem 1, we have the following key propositions.
Proposition 6. Let F h : I × S 2 pG → R be the pseudo-Galilean height function on a unit speed curve γ (x). If f hv 0 has A k −singularity (k = 2, 3) at x 0 , then F h is a (p)−versal unfolding of f hv 0 .
Proof. We denote by γ (x) = (x, y (x) , z (x)) and v = (1, v 2 , v 3 ) . By definition, we have
; then we have
) by the equation (5). We distinguish two cases. Case (1) : f hv 0 has the A 2 −singularity at x 0 . We can define 1×2 matrix A as follows:
We also have b ′ (x 0 ) = τ (x 0 ) n (x 0 ) = 0 by the equation (6). Therefore we have RankA = 1. Case (2) : f hv 0 has the A 3 −singularity at x 0 . we define 2 × 2−matrix B as follows:
B has to be nonsingular (det B = 0) . By the Frenet-Serret formulas (5), we have the following calculation:
If the necessary derivatives of the Frenet-Serret formulas (6) is written, then we have det B = −τ 3 (x 0 ) . Since τ (x) = 0,the rank of B is 2.
Define the function
Proof. Using the same notations of Proposition 6, we have Now, we will distinguish three cases. Case (1) : f hv 0 ,w 0 has the A 1 −singularity at x 0 . We can define 1 × 2 matrix C as follows:
The rank of C is clearly 1. Case (2) : f hv 0 ,w 0 has the A 2 −singularity at x 0 . we require the 2 × 3 matrix
to have the maxsimal rank. By Case 1 in Proposition 6, the second line of D does not vanish. Thus the rank of D is 2. Case (3) : f hv 0 ,w 0 has the A 3 −singularity at x 0 . We can define the 3 × 3 matrix:
to be non singular. By Case 2 in Proposition 6, determinant of E does not vanish. It means that the rank of E is 3.
For the pseudo-Galilean distance function F d , we have the following proposition.
Proposition 8. Let F d : I × G 1 3 → R be the pseudo-Galilean distance function on a unit speed curve γ (x). If f du 0 has A k −singularity (k = 2, 3, 4) at x 0 , then F d is a (p)−versal unfolding of f du 0 .
Proof. Denote γ (x) = (x, y (x) , z (x)) and u = (u 1 , u 2 , u 3 ) . Then by definition, we have 
